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We demonstrate that a Bäcklund transformation for the Liouville equation can be obtained in 
a straightforward manner from the Painleve property of this equation. 

Recently, much attention has been focused to the 
classification of dynamical systems as integrable 
and non-integrable ones. When we consider classical 
mechanics, the Toda lattice is a well known example 
of an integrable system [1]. There are N first 
integrals in involution and there is Lax representa-
tion. In field theory the Korteweg de Vries equation 
is an integrable system. This equation can be solved 
with the help of the inverse scattering transform. 
Moreover there is an infinite number of conserva-
tion laws [2]. In quantum field theory the best 
known example of an integrable system is the 
quantum nonlinear Schrödinger equation. This 
system can be solved with the help of the so-called 
quantum spectral method or with the help of the 
Bethe ansatz [3]. However, most dynamical systems 
are non-integrable. In classical mechanics we find 
among these non-integrable systems those with 
chaotic behaviour. 

Now it is desirable to have a simple approach for 
deciding whether a dynamical system is integrable 
or not. In classical mechanics the so-called Painleve 
property serves to distinguish between integrable 
and non-integrable systems. A necessary condition 
for an ordinary differential equation to have the 
Painleve property is that there be a Laurent ex-
pansion which represents the general solution in a 
deleted neighbourhood of a pole (compare [4] and 
references therein). Recently, Weiss et al. [5] have 
introduced the Painleve property for partial differ-
ential equations. They applied the method to the 
soliton equations (like Korteweg de Vries, Kadomt-
sev-Petviashvili) and found, in a remarkably 
straightforward manner, the well known Bäcklund 
transformations. 

In the present note we apply the method of Weiss 
et al. [5] to the Liouville equation. We show that a 
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Bäcklund transformation can be obtained in a 
straightforward manner. 

It is well known that the Liouville equation 

w.v, = exp (u) (1) 

can be reduced with the help of the Bäcklund trans-
formation 

w'v = ux + ß exp ((1/2) (u + u')) , 

u\ = - u - (2/ß) exp (1/2) ( u - u')) (2) 

to the linear equation 

"a7= 0. (3) 

Thus, insertion of the general solution 

M ' ( . V , 0 = / I ( . V ) + / 2 ( 0 (4) 
of (3) into the Bäcklund transformation (2) and sub-
sequent integration produces the general solution of 
Liouville's equation. 

Now the method of Weiss et al. [5] cannot be 
applied directly to (1), so we must perform the 
transformation v = exp(w). Then we obtain the equa-
tion 

'"' .v/- « ' f ' 3 • (5) 

Equation (3) takes the form 

i''''.v/-'".v'"/ = 0, (6) 

where v' = exp(«'). From (4) we find that the solution 
of (6) is given by 

r'(.v,/) = exp (/, (.v) +/2(/)). (7) 

In the technique described by Weiss et al. [5] the 
quantities r, .v, and t are considered in the complex 
domain. For the sake of simplicity we do not 
change our notation. For the field v we make the 
series ansatz 00 

d.v./) = ̂ (.v,/) Zr/(.v,0^'(-v,0. (8) 
7=0 

If y. is an integer, and if it is possible to cut off this 
series expansion at a certain integer, say n [n < oo), 
and moreover the equations for the functions 
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for / = 6 that v2 must satisfy (5), i.e. 0, vq, v\,. . . , vn are compatible, then we obtain a 
Bäcklund transformation. 

Let us now perform the calculation step by step 
for (5). First we determine the dominant behaviour, 
1.e. we determine the exponent a. Inserting the 
ansatz v ~ into (5) and comparing the ex-
ponents we find that a = — 2, and the function r0 is 
given by VQ=2<PX<P,. Next we determine the re-
sonances. The values of j are called resonances 
where arbitrary functions Uj are introduced into the 
expansion. Inserting the ansatz (8) with a = — 2 into 
(5) we find 

00 00 

Z Z [(/2 ~ 2) ( / 3 — 3) vi V; 0, 0X 0'i+iz~6 

./i=0/2=0 
- 5 + (/2- 2)vh Vhx0,0h+j* 

+ (/2 - 2 ) v h Vht 0 X 0 ^ ~ 5 

+ (/2 - 2) vh Vj20xl0'^-5 

+ Vjr »hxt 0h+h~*] 
00 00 

Z Z [(/'l - 2) C/2 - 2) Vh Vj2 0X 0, 0 ^ ~ 6 

Jl= 0/2 = 0 

+ ( / , - 2 )vj1vj2x0l0^-5 

+ ( / , - 2 ) v j 1 v h t 0 x 0 ^ - 5 

= Z Z Z 
/!= 0/2= 0/3=0 

r;. r- (f»/l+./2+./3-6 J 2 1 / 3 ^ (9) 

The resonances are determined from the terms with 
the factors <£/I+/2~6 and 0/1+/2+/'3"6. We find 

3vmvl= 6v0 vm 0, 0X + (m - 2) (w - 3) rm r0 

+ 2(m-2) v m i Q0 t 0 y 

+ 2(m- 2) v0 vm 0, 0, (10) 

Inserting vo=20x0t, we find that m] = - l and 
m2 = 2. The value m\ = — 1 corresponds to the 
arbitrary (undefined) singularity manifold (0 = 0). 

Solving (10) we find that 

/ = 0, vo=20x0t, VQ-

7 = 1 , v] — — 2 0X,. (ID 

The compatability condition at j = 2 is satisfied 
identically. If we put Vj = 0 for j ^ 3, then we find 

1'2 l 2.xt ~ l'2.x I'21 - I'2 • (12) 

The trivial solution of (12) is given by v2 = 0. Now 
let us assume that vf = 0 for / ^ 2. Then we find the 
following overdetermined system of equations for 
the function 0: 

7 = 3, 0xxl 0 x 0„ + 0xn 0xx <&t 

= 0XX 0tt 0xt + 0X 0, 0xxtt 

7 = 4, 0xxtt 0xt = 0xxt 0xtt . 

(13a) 

(13b) 

The equation at j = 5 is satisfied identically. Now 
the function v is given by 

/• = 0~2(z'o + V| 0) = 2 0'2(•0X0, - 0xt0) . (14) 

If (13a) and (13b) are compatibel, then (14) defines 
a Bäcklund transformation (5). We mention that if 
we insert (14) into (5) we find the function 0 satis-
fies (13a) and (13b). Equations (13a) and (13b) are 
compatibel. This means both equations admit the 
solution 

0(x, t) =/,(.v) +/2(0 . (15) 

Thus (14) defines a Bäcklund transformation and 
when we insert (15) into (14) we obtain a solution of 
(5). 

The Liouville equation in (1 + 1) dimensions may 
be written as ux, = exp (u) or as uxx — uu = exp (u) 
depending on the underlying coordinate system. 
Performing the transformation i;=exp (u) we find 
for the second equation 

v v x X - v l~v v„+v2 = r3 (16) 

When we insert the ansatz (8) into (16) we obtain 
a = -2 , and the resonances are given by mj = — 1, 
m2 = 2. Moreover, we have 

r 0 = 2 ( 0 2 - 0 ? ) , (17a) 

i , = - 2 ( 0 x x - 0 l t ) , (17b) 

and v = 0~2(VQ + v\0) defines a Bäcklund trans-
formation. The extension to two and three space 
dimensions is straightforward. 
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